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Abstract 



C^) . We consider 5D Einstein-Maxwell (EM) gravity in spacetimes with three com- 



muting Killing vectors: one timelike and two spacelike Killing vectors one of 
them being hypersurface-orthogonal. Assuming a special ansatz for the Maxwell 
field we show that the 2-dimensional reduced EM equations are completely inte- 
grable by deriving a Lax-pair presentation. We also develop a solution generating 
\q ' method for explicit construction of exact EM solutions with considered symme- 

tries. We also derive explicitly a new rotating six parametric 5D EM solution 

[ which includes the dipole black ring solution as a particular case. 

> , 

Jh : 1 Introduction 



In recent years the higher dimensional gravity is attracting much interest. Apart from 
the fact that the higher dimensional gravity is interesting in its own right, the increasing 
amount of works devoted to the study of the higher dimensional spacetimes is inspired 
from the string theory and the brane-world scenario with large extra dimensions. The 
gravity in higher dimensions exhibits much richer dynamics and spectrum of solutions 
than in four dimensions. One of the most reliable routes for better understanding 
of higher dimensional gravity and the related topics are the exact solutions. For ex- 
ample, recently discovered exact black rings solutions with unusual horizon topology 
PU0], demonstrated explicitly that the 5D Einstein gravity exhibits unexpected fea- 
tures completely absent in four dimensions. It was shown in [2] that both the black 
hole and the the black ring can carry the same conserved charges, the mass and a single 
angular momentum, and therefore there is no uniqueness theorem in five dimensions. 
Moreover, the black rings can also carry nonconserved charges which can be varied 
continuously without altering the conserved charges. This fact leads to continuous 
(classical) non-uniqness [3]. 
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The higher dimensional solutions found so far are not so many. As yet to the best 
of our knowledge there are no EM solutions found in the literature that describe rotat- 
ing charged black holes in higher dimensions. However, some numerical solutions were 
recently constructed in [I|(see also f3]). Moreover the systematic construction of new 
solutions in higher dimensions has not been accomplished in comparison with 4D case. 
It is well known that both vacuum and electrovacuum 4D Einstein equations are com- 
pletely integrable being restricted to spacetimes with two-dimensional Abelian group 
of isometries [E]- l 20J. This nice property is also shared by some effective string gravity 
models (or certain sectors of them) which allows us to find many families of physically 
interesting exact solutions [2I]-[2E|- The D-dimensional vacuum Einstein equations 
with (D — 2) -dimensional Abelian group of isometries are completely integrable, too 

mm 

The aim of this work is to make a step in systematic construction of exact solutions 
in 5D EM gravity. We show here that a certain sector of EM gravity is completely 
integrable. We also present an explicit method for generating exact 5D EM solutions 
from known solutions of the 5D vacuum Einstein equations. As an illustration of 
the method we derive explicitly a new rotating six parametric 5D EM solution which 
includes the dipole black ring solution as a particular case. 

2 Dimensional reduction, coset presentation and 
complete integrability 

The 5D EM gravity is described by the field equations 

R^u = - (f^xF* - -F a \F aX g^ , (1) 
V M F^ = 0. 

In this paper we consider 5D EM gravity in spacetimes with three commuting 
Killing vectors: one timelike Killing vector T and two spacelike Killing vectors K\ and 
K 2 . We also assume that the Killing vector K 2 is hypersurface orthogonal. 

In adapted coordinates in which K 2 = d/dY, the spacetime metric can be written 
into the form 

ds 2 = e 2u dY 2 + e~ u h lj dx i dx j (2) 

where hij is a 4-dimensional metric with Lorentz signature. Both u and hy depend 
on the coordinates x % only. The electromagnetic field is taken in the form 1 

F = dA Y A dY. (3) 

After a dimensional reduction along the Killing vector K 2 , the field equations 
are reduced to the following effective 4D theory: 

1 Throughout this paper we denote the Killing vectors and their naturally corresponding 1-forms 
by the same letter. 
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ViV l u = --e-^WViAyVjAY, 



V t (f 2u V l Ay) = 0, 



-d iU djU + )f 2u diA Y djA Y . 



(4) 
(5) 
(6) 



Here V t and R{h)ij are the covariant derivative and Ricci tensor with respect to 
the Lorentz metric hij. Let us introduce the symmetric matrix Mi given by 



Mi 



e u + \e~ u A Y ^ 
7=s e ~ UA Y 



e~ u A Y 

e -u 



(7) 



with detMi = I. Then the dimensionally reduced EM equations become 



P'MiMf 1 ] = 0, 



R^h) = --Tr [diM^jMi 1 



(8) 
(9) 



These equations are yielded by the action 



S 



16tt 



d 4 xVh 



R(h) + -h ij Tr (diMidjM^ 1 ) 



(10) 



Clearly the action is invariant under the SL(2, R) group where the group action is 
given by 



Mi -> GMiG T , 



G G SL(2,R). In fact the matrices M x parameterize a SL(2, R)/SO{2) coset. So 
we obtain non-linear <T-model coupled to 4D Einstein gravity. 

Next step is to further reduce the effective AD theory along the Killing vectors T 
and K\. In this connection it is useful to introduce the twist uo of the Killing vector T 
defined by 



u = I * (h) (T A dT) (12) 

were *(/i) is the Hodge dual with respect to the metric h^. 
One can show that the Ricci 1-form K^[T] defined by 

$lh[T] — Rij(h)T j dx\ (13) 

satisfies 
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* (h) (T A 3?/j[T]) = du. (14) 

Obviously, in our case we have = 0, i.e. du=0. Therefore there exists (locally) 

a potential / such that 

uj = df. (15) 

In adapted coordinates for the Killing vectors T = d/dt and K\ = d/dX, and in 
the canonical coordinates p and z for the transverse space, the 4D metric can be 
written into the form 



hijdx'dxl = -e 2U {dt + AdXf + e~ 2U p 2 dX 2 + e~ 2U e 2V [dp 2 + dz 2 ). (16) 

For this form of the metric hij , combining (JT2j) and (|T3j) , and after some algebra we 
find that the twist potential / satisfies 

le AU 

d P f = -« — (17) 

L p 

le 4U 

d z f = -— d p A. (18) 
i p 

Before writing the 2D reduced equations we shall introduce the symmetric matrix 



2fe- 2U e 
with detM 2 = 1. Then the 2D reduced EM equations read 



p- l d z T 



d p (p^MiMf 1 ) + d z (p^MiMf 1 ) = 0, 
d p (pd p M 2 M^) + d z (pd^Mz 1 ) = 0, 

Tr (d p M 2 d p M^) - Tr (d z M 2 8 z M^ 1 



Tr (dpMtdpMi 1 ) - Tr (d z Myd z M^ 1 
--Tr (d p M 2 d z M 2 ~ l 



-Tr (dpMAMr 1 ) . 



(20) 
(21) 

(22) 
(23) 



As a result we find that that the "field variables" Mi and M 2 satisfy the equations 
of two SL(2, R)/SO(2) cr-models in two dimensions, modified by the presence of the 
factor p. The system equations for F can be integrated, once a pair of solutions for the 
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two cr-models is known. Therefore, the problem of generating solutions to the 5D EM 
equations with the described symmetries reduces to the solutions of the two cr-models. 

It is well-known that the cx-model equations are completely integrable [2H1 ED]- 
This is a consequence of the fact that the cx-model equations can be considered as the 
compatibility condition of the linear differential equations (Lax-pair presentation) |29[ 



d p * = ^-r*, (24) 



P v-\u T 
y + p z 



where 



^ = D, = 8,-^-^8,. (25) 

Here V = pd z MM~ x , U = pd p MM~ x and A is the complex spectral parameter. The 
"wave function" ^(p, z, A) is a complex matrix. The cx-model equations then follows 
from the compatibility condition 

[D p ,D z \q = 0. (26) 

The matrix M can be found from the "wave function" \1/ as M(p, z) — ^f(p, z, A = 0). 

The inverse scattering transform (1ST) method can be directly applied to (J24j) to 
generate multisoliton solutions. The dressing procedure allows us to generate new 
solutions from known ones. Since this dressing technique is well known we will not 
discuss it here and refer the reader to (23 ED] • 

In this paper we will not apply the 1ST method. In the next section we present 
new and simple enough solution generating method which allows us to generate new 
5D EM solutions from known solutions of the 5D vacuum Einstein equations. 

3 Solution construction 

Let us consider two solutions Mi = M^ l > and M 2 = of the cx-model equations 

d p (pdpMM- 1 ) + d z (p^MM" 1 ) = 0. (27) 
In addition let us denote by 7W the solution of the system 

= ~Tr(d p M^d z M {i) ~ l ) , (28) 
p- 1 9 p7 w = -- [Tr (dpM^dpM^ 1 ) -Tr (<9 z M (i) <9 2 M ( * r1 )] . (29) 
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Then we find for the metric function T 



7 



(2) 



37 



(1) 



(30) 



From a practical point of view it is more convenient to associate the cr-model solu- 
tions AfW with solutions of the vacuum Einstein equations 2 



d<? 

aS E(i) 



e 2 < dY 2 + e-< 



-e 2U * (dt + A E ] dX 
'p 2 dX 2 + e- 2U ze 2r z(dp 2 + dz 2 
which correspond to the matrixes 



+e -2i4 <) - 



(31) 



(i) 



e 2U E 



e" 2 ^ 



(0 



2/^e 



(32) 



The metric function for the vacuum Einstein equations can be found from the 
equations of T by setting Ay = in the matrix Mi. So we obtain 



if = 7 « + ng> 



where fi^ is a solution to the system 



(33) 



p- x d z ^ - 

We then find from (UP and (jHHJ) that 



(8,«S?) , -(at«S?) : 

(0 



-d p u E 'd z u E 



r = rg } - + 3 



Comparing the matrixes M 1 and we obtain 



(34) 
(35) 

(36) 



where f E satisfies 3 



.-2 a 



4U W 

e E . 



A 



Y 



2v / 3/ (1) 



E 1 



(37) 
(38) 



1 e 4l/ * 



(0 



2 P 



le 4 ^ 



(0 



■8 A { i) 

u z^E 1 



2 P 



(39) 



(40) 



2 From now on all quantities with subscript or superscript "E" correspond to the vacuum case. 
3 Clearly, these equations are restriction of l|39|) to the vacuum case. 
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Once having the metric function e 2u = Qyy we can write the EM metric 



ds 2 = e AU e dY 2 + e~ 2U z 



Taking into account that 



+ 



-e 2 ^ (dt + AfdX) 2 + e~ 2V zp 2 dX 



2r (1) 



g E 3 E 



e- 2U Ee 2L z(dp 2 + dz 2 ) 



(41) 



E(i) 

floo 

~E(i) 

9xx 

q E{i) 



„(*) 977W 9r(») 

e e e E e E 



_ (i) 
e u e e 



2l/< l) 2 
E P > 



and 



/ -E(i)\2 -B(i) 

Ifl'oo J flyy ) 
I 

I floo Wyy 9pp ■> 



(42) 
(43) 
(44) 



(45) 
(46) 



the metric can be presented in more elegant form 



ds 2 = 



\goo l) \\fgY? 



dY 2 + 



fly? 



■ / E(l) 

Ifl'oo IV flyy 



£7(1), £7(1) 3 

: i |g °°J; y i^ i ^ (2) (^ 2 +^ 2 ) 



e E + 3 il E 



(47) 



Summarizing, we obtain the following important result formulated as a proposition. 
Proposition. Let us consider two solutions of the vacuum 5D Einstein equations 

ds 2 m = g^dY 2 + g*® (dt + A$dX) 2 + f^dX 2 + flJfO ( rfp 2 + rf, 2 ) (48) 
T/ien the following give a solution to the 5D EM equations 4 



ds 2 



\goo {1) \\fgJ? 



dY 2 + 



g E Y ? 



, £(1)1/25(1) 

Ifl'oo IVflVr 



g^ (dt + Afdx) 2 + f x ^dX 2 



,E{1)\ E{1) E(l)\ 3 

n '^J^lr 1 fl2 2 W+^ 2 ) 



2 Q( 1 ) + 2f7 (2) 



2v^ (1) 



E 5 



(49) 
(50) 



4 More generally we can take Ay = ±2\/3f^ + const which is obvious. 
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where f E is a solution to the system 



and £1$ satisfy 



1 (floo 
2 

1 (ffoo 
2 



P 

1 9yy 



E 5 



E i 



(51) 
(52) 



16 

3 



(53) 
(54) 



Let us also note that, in general, the exchange of the two sigma models < — > 
leads to different EM solutions. 

The presented proposition gives us a tool to generate new 5D EM solutions in a 
simple way from known solutions to the vacuum 5D Einstein equations. The technical 
difficulties are eventually concentrating in finding of Qe from (J34)) and Je from (|39|) . 

Through the use of the proposition we can generate the "5D EM images" of all 
known solutions of the vacuum 5D Einstein equations with the symmetries we consider 
here. It is not possible to present explicitly here the "EM images" of all known vacuum 
Einstein solutions. We shall demonstrate the application of the proposition on the case 
of rotating neutral black rings generating in this way a new rotating six parametric 
EM solution which includes he EM rotating dipole black ring solution as a particular 
case. 



4 Derivation of the rotating dipole black ring 
solution 

The rotating dipole black ring solutions in 5D Einstein-Maxwell-dilaton (EMd) gravity 
were given in [3J without any derivation. What is said in [3] is that these solutions 
can be obtained form generalized C-metric [31] by double Wick rotation and analytic 
continuation of parameters. As far as we are aware there is no explicit derivation of 
the dipole black ring solutions. Here we generate a new (six parametric) rotating EM 
solution and as a byproduct we give an explicit derivation of the EM rotating dipole 
black ring solution 5 . 

The first step we should make in order to derive the EM dipole black ring solution is 
to chose two known solutions of the vacuum 5D Einstein equations and to present them 
in canonical coordinates. As should be expected, we take two copies of the neutral 
black ring solution with different parameters: the first solution is with parameters 

5 This solution can be obtained form the EMd dipole black ring solutions in the limit when the 
dilaton coupling parameter is zero. 
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{Ai, vi, 7Zi} while the second is parameterized by {A 2 , ^2, T^}- It should be also noted 
that in the case under consideration the Killing vectors are denoted by 

K x = d/dtp, K 2 = d/d(f). (55) 

The neutral black ring solution has already been written in canonical coordinates 
in [32], that is why we present here the final formulas: 



E(i), 



E(i) 

9§§ 



(1 + A,)(l - vi)Rf + (1 - A,)(l + v t )Rf - 2{\ - v^Rf - A,(l - v\)K\ 
(1 + Ai)(l - Vi)Rf + (1 - A,)(l + Vi)Rf - 2(A i - Pi)Rf + \(1 - v?)1lf 

{Rf + z - \n^){Rf ~ z + \n^) 

R? -z- 

(iff) + R f + Vl T^){Rf - Rf + 1(1 + v^llDiRf + - 1(1 - i/Qftg) 
Tim - v^R? - (1 + v t )B® - 2v,Rf) 

r? + (i-a,)(i + ^; 

(1 - Vi)Rf + (1 + Uj)Rf + 2ujl$ 
■ uffRfRfRf 

-2C{vj, Xi)ni{i - ^[Rf - R ( i> + + 

(1 + Ai)(l - 1/04° + (1 - A 4 )(l + Vi)Rf - 2(A, - u^Rf - A 4 (l - iyf)lZ, 



= [(1 + A,)(l - Vi )Rf + (1 - A0(1 + v,)Rf - 2{\ - u^Rf + A,(l - v?)n*} 
y (l-u i )I# ) + {l + u i )R$ ) + 2v i Rg ) 
^l-vfYRfRfRf 

s\ E — 
where 



R? = ^P* + {z+^ny, (57) 

?W - . /„2 777Z ^i-7?2\2 



i?^ = ^ + (z - (58) 

4 l) = J? + (z-±iq)*, (59) 



C(i/ f ,A i ) = WA i (A i -z/ i )i^. (60) 

The next step is to find the functions £1^ and fjp. After straightforward but 
tedious calculations we obtain 



6 = ^-^RfRfRf ' (61) 

-«) = (1 - u^TZjCjuj, X^jR? - 4° + |(1 + ^rg] 

* (1 + Ai)(l - ^)4 i} + (1 - Ai)(l + ^)4 i} + 2(i/< - Ai)^ + A t (l - uf)TZf 

Once having the functions Q$ and in explicit form we can immediately apply 
the proposition and we obtain explicitly a new EM solution presented in the canonical 
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coordinates. The found EM solution depends on six parameters {X^v^'K^i = 1,2} 
and, obviously, the solution is very complicated. The detailed study of this new solution 
needs a separate investigation which we postpone for future publication. Here we will 
consider only the particular case when 



Ul = u 2 = v, Tlx = TZ 2 = K. (62) 
In this case we also have 

d$=n%\ R^=R^ 2 \a = 1,2,3 (63) 

which considerably simplifies the solution. Even in this particular case the solution 
looks complicated in the canonical coordinates. That is why it is more convenient to 
present the solution in coordinates where it takes simpler form. Such coordinates are 
the so-called C-metric coordinates given by 

_ H 2 y/-G{x)G{y) _ m 2 (l-xy)(2 + isx + vy) 

where 



G{x) = {l-x 2 )(l + ux), (65) 
-1<x<1, y<-l. (66) 



Performing this coordinate change we find 



ds 



1 2 



K 2 G(x) 



' + 



[FxAv)\ 



x - y) 2 

K 2 F X2 {x) G(y) 2 ,,. i(iA K-i'> 

-{x-yfF^ +F ^ V) — 
1 + x 

As = ±v3C(v, \i)7l— — — + const. 

FxAx) 

The metric can be rearranged into the form 



FxM 
Fx 2 (x) 



dt + C{y, X 2 )TZ 



l+y_ 
FxM 



dip 



Tl 2 Fx 2 (x) ( dx A 



x-y) 2 \G{ 



x) 



dy 2 V 
G{y)J. 



(67) 
(68) 



ds 2 = 



+ 



FxMFxAx) ( dt + c{vMn l 



F X2 (x)F Xl (y) 
Fx! (x)F 2 i (y) 



n 2 F X2 {x) 

(x - y) 2 



FxM 
G{x) 



dip 



Fl(y)FxM 



dip 2 + 



dx 2 



dy 2 



+ 



G(x) 



G(x) G(y) Fl(x)F X2 (x 



Finally, in order to exclude pathological behaviors of the metric we must consider 
only negative Ai, i.e. 
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Ai = —fi , < fi < 1. 



(70) 



and positive A2 and v satisfying 



< v < A 2 < 1. 



(71) 



One can easily see that the generated 5D EM solution is just the EM rotating 
dipole black ring solution. Let us also recall ^ that in order to avoid the possible 
conical singularities at x — ±1 and y = — 1 we must impose 



5 Conclusion 

In this paper we considered EM gravity in spacetimes admitting three commuting 
Killing vectors: one timelike and two spacelike one of them being hypersurface or- 
thogonal. Assuming also a special ansatz for the electromagnetic field we have shown 
that the EM equations reduce to two SL(2, R)/SO(2) cr-models and a separated linear 
system of first order partial differential equations. This ensures the existence of Lax- 
pair presentation, therefore the complete integrability of the considered sector of EM 
gravity. The Lax pair presentation also opens the way to apply the 1ST method and 
to generate multisoliton solutions. 

Using the two u-models structure of the reduced EM sector we gave an explicit 
construction for generating exact 5D EM solutions from known solutions of the 5D 
vacuum Einstein equations in the same symmetry sector. As an explicit example we 
constructed a six parameter rotating EM solution including as a particular case the 
rotating EM dipole black ring solution. In this way we gave, for the first time, an 
explicit derivation of the dipole black ring solution. 

We shall conclude with some prospects for future work. Here we have shown that 
the "superposition" of two neutral black ring solutions with certain parameters yields 
the dipole EM black ring solution which schematically can be expressed as 

{neutral black ring} + {neutral black ring} — > {EM dipole black ring}. (74) 
It would be interesting to find the EM solutions corresponding to the schemes 



(i + M ) 3 /vr^ 



(72) 



1 - v 




(73) 



{neutral black hole} + {neutral black hole} —>{?}, 
{neutral black hole} + {neutral black ring} — > {?}, 
{neutral black ring} + {neutral black hole} — ► {?}, 



(75) 
(76) 
(77) 
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as well as other solutions. Some solutions of vacuum 5D Einstein equations which 
could serve as seeds for new EM solutions are given in |3*2*]-|36|. 

It would also be of interest to generalized this work for EM gravity in spacetimes 
with number of dimensions greater than five and in the presence of a dilaton field non- 
minimaly coupled to the electromagnetic field. Some results in these directions have 
already been found [37|. They will be presented elsewhere. 
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